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- material constant proportional to c 
0 
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coefficient of skin friction 
rate of defonnation tensor 
- an arbitrary constant 
- dimensionless stream function 
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- mass diffusivity of the binary system 
- a characteristic length 
- an arbitrary isotropic pressure 
- the non-isotropic part of the stress tensor 
- material constant proportional to c0
2 
- Reynolds number 
- Schmidt number 
- stress tensor 
- a characteristic free stream velocity 
external·flow velocity 
u' = u� u - velocity component in the x' direction 
v' = fU�v - velocity component in the y' direction 
x' = Lx - coordinate along the plate 
y' = £ Ly - coordinate perpendicular to the plate 
6ij - Kronecker delta 
- Re-2 
, - coordinate perpendicular to the wedge 
'lo - viscosity of the solution 
r'I� = � \ - relaxation time 
�• = £L � - retardation tim� 
2 Uco. 2 
.A.1 - material constant proportional to c 
..A.2 - material constant proportional to c 
µ' = � µ - viscosity of the solution 
0 
µ0
' = 61 µ - material constant with the dimension of time 
U oo · 
o 
' _ EL 
µ.l 
-- 1,J.l - material constant with the dimension of time 
U«> 
' _ EL
µ - material constant with the dimension of time 
µ2 
-- 2 
ij a, 
•) 
11' = £1 V - material constant with the dimension of time 
Uc:o 1 
JI'= E 1]) - material constant with the dimension of time 2 UQ:) 2 
- vorticity tensor 
- mass average density of the solution 
- mass average density of the coating 
stream function 
- dimensionless stress tensor 
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CHAPTER I 
INTRODUCTION 
Due to the apparent suppression of turbulent energy dissi­
pation, viscoelastic materials make excellent drag reducing agents. 
The applications of viscoelastic fluids in this role have been 
multiplying rapidly since theY- can be used as drag reducing agents 
for the transporting and processing of most fluid substances without 
any ill effects. In the future it may even be possible to reduce 
the drag on a ship's hull or on a submarine by injecting a water 
soluble polymer into the boundary layer on the �ody. 
Since many of the phenomena exhibited by viscoelastic 
fluids, such as the swelling of a jet as it exits from a tube, the 
open channel siphon, and the Weisseriberg effect, are not predicted 
by the classical viscous flow theory for Newtonian fluids, more 
general rheological equations of state have had to be formulated. 
One of the simpler models proposed to describe the mechanical be­
havior of viscoelastic liquids was proposed by Oldroyd in 1958. This 
model exhibits the main non-Newtonian phenomena observable in the 
simple flow of a viscoelastic fluid. These phenomena are: a vari­
ation of apparent viscosity with rate of shear, a Weissenberg 
climbing effect, and a Robert-Weissenberg normal stress pattern [3J. 
Oldroyd's model was used by Leslie LBJ to calculate the 
drag force induced by creeping flow past a sphere and by Williams 
and Bird [iQ] to calculate flow rates through tubes. The results 
2 
from both of these studies were in good agreement with experimental 
data. 
In this study Oldroyd's model will be used to describe the 
mec�anical be�avior of a viscoelastic fluid for the case of steady, 
two dimensional, incompressible flow past a semi-infinite flat plate 
coated with a viscoelastic material. For the purpose of analysis 
it will be assumed that the coating is soluble in the main flow and 
that the concentration of the coating in the main stream is small 
enough that the density and diffusivity will both be constants. 
The equations of motion and diffusion were obtained by 
boundary layer analysis. The set of partial differential equations 
was found to have a similarity solution only when the external 
stream velocity was pro_portional to the one third power of the 
distance along the plate LV• This is a Falkner-Skan type flow 
past a 90 degree wedge. 
CHAPTER II 
THE CONSTITUTIVE �UATIONS 
For the ideal viscoelastic liquids considered here, it is 
convenient to consider the stress sij at a point in the flow as the 
superposition of two independent stress systems, that is 
3 
(2.1) 
in which Pij contains the non-isotropic part of the stress tensor, 
pis an arbitrary isotropic pressure, and o .• is the Kronecker delta. 
1J 
In 1958 Oldroyd {!}J proposed a mathematical m�d�l- for Pij ch�ac-
terized by eight material constants which has been shown to quali� 
tatively predict many of the phenomena observed in real viscoelastic 
fluids. Referred to an orthogonal Cartesian frame of reference Oxi_, 
the proposed rheological equations of state relating the stress 
tensor Pij and the rate of deformation tensor 
· (2.2) 
are 
(2.3) 
Here�•, A� and A;(<�) are the viscosity, relaxation time and 
� . 
4 
f f I I I 
retardation time respectively and 
µ.0, µ,1, µ,2
, 711, and 7/ 2 a
re five 
physical constants, each with the dimensions of time. .§_ denotes 
. .Ot 
the Jaumann derivative, a total derivative with respect to time 
that takes into account the linear and angular motion of the fluid 
element. For a second �rder tensor with components bij in a 
Cartesian coordinate system, the Jaumann derivative takes the fonn 
D b· · l.J -
Dt· 
(2.4) 
where _E. is the substantial derivative and the wiJ. are the components Dt 
of the vorticity tensor given by 
(2.5) 
For a steady, two dimensional, incompressible fluid flow problem the 
constitutive equations (2.3) in reference to a Cartesian coordinate 
system yield four equations of state 
P"YV" + i\' �xx + (
ov ' - ou') PYV] - µ� [ 2 :xu: Px,c 
� 
1 L �nt ox' oy' .. ._, 0 
+ (ou + ov ) p 
I I ] 
oy,1 ox' xy 
I [ Ou I + (OU' + ov') + 
Oy I 
] 
+ l'1 -, Pxx ·a' a' Pxy oy* Pyy ox · y X 
f O I 
+ µ .J:L. (p + p + p ) 
0 ax' XX yy zz 
5 
�, ' o ' o ' o ' o ' = 2n'{ � + � 1 [Q_cou ) + l_ ( V _ U)( U + V >] 
t-"' ox' 2 Dt � 2 ox' oy' oy1 ox1 
I I I 
_ 2µ,' [
<ou, 
)2 + ¼ (o
u
, 
+ ov
, )
2
] 
- 2 ox . oy ox . 
+v' 
[
.<ou')2 + 1. ( ou' + ov' )2 + (ov
1
)2]} 
2 ox' 2 o y' ox' oy
1 
".ii 1 [ Dp · 
1 
0 1r' ou'
) )] P:xy 
+ n1 � + 2 
(
ox' - oy' (Pyy 
-
Pxx 
fJ,l o ' o ' - - (_2!_ + ....Y._)(pxx + Pyy) 2 oy' ox' 
I I t 
J..L 0 ou ov ) ) + - (� + ;--.- (pxx + Pyy +-pzz 2 uy ox 
=2µ'{½C
ou: + Ov)+ >.' 
[
lL(
ou: + ov:} 
oy ox 2 Dt 0y 0x 
+ 1. cov' - ou') cov' - out)] } 2 I f f I ox oy oY ox 
Pyy + 
i\, [ � + (ou 1 _ ov') p ] 1 Dt oy' ox' xy 
• 
I [ OU 1 OV 1 OV 1 
] - µ, (- + -. ) PJ<Y + 2 -, Pyy l oy' ox' oy 
' ' �' �• o' ] 
+ 71 [ou p + (� + �) p + ..:I_ p 
1 ox' xx oy 1 ox' xy oy
1 yy 
(2.6) 
(2.7) 
+ Jl� [ :;: (pxx + Pyy + Pzz>] 
= 
2µ 
I { 0 V 
1
1 + 
" 
I 
[
!?..,_ ( 
0 V t ) + .l ( 0 U t _ 0 V r ) (OU r + O V 
1 >] 
. oy 2 Dt oy' 2 oy1 ox' oy' ox' 
1 
[c
ov')2 l (ou' +OV
1
)2] 
+7/' 
[<o
u 1 )2 -. 2µ_2 -�y• _+ lj: ---r 0 oy' ox' 2 ox' . 
(2.8) +n' Dpzz +71' [ou' P + (ou' + ov'·> P + ov' Pyy. ] Pzz 1 Dt 1 ox' zz oy' ox' xy � 
(2 •. 9) 
in which u' and v' are the velocity components in the x' and y• 
directions re'specti vely. Since there is no motion in the z 
direction, the other two equations which contain Pxz and Pyz will 
vanish. 
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In order to make the constitutive equations (2. 6) - (2. 9) 
dimensionless, the density f, the visco.sity � 0, .a characteristic 
length L, and a characteristic free stream velocity u� are chosen 
as reference quantities. Now a dimensionless parameter, the Reynolds 
number, can be defined.as 
7 
Re = fLU
. = _!_ (2.to) 
"'lo (2 
with €<<1 for the present analysis. To perform a boundary layer 
analysis one sets 
x' = Lx, y' =E. Ly, u' = U.u, v' = Ua, V' � I = 71 µ. 0 (2.11) 
(2.12) 
(2.13) 
in which unprimed quantities in equations (2. 11) and (2.12) are 
assumed to be of order one or less and are dimensionless. It was 
assumed when writing equation (2. 12) that the seven dimensionless 
material constants are of the order of E or less. This assumption 
makes certain that the limiting case will be the flow of a Newtonian 
fluid. 
The substitution of the expressions in equations (2. 11) -
(2. 13) into equations (2. 6) - (2. 9) yields for large Reynolds numbers 
,. _ ( � + µ. _ 7/1) ou ,. xx. 1 l oy xy 
(2.14) 
) 
8 
1 c· � 
) au 1 <} ..L ) au ,-xy + 2 ''l - µ,l + µ,o oy ,-xx - 2 
0 1 ' µ,l - µ,o oy 
,-yy 
µ, � + _£  ,- = µ, oU + 0(€.) 
2 oy zz oy 
= µ,p2 - µ,2 +V2}(
ou)
2 + O(E) . oy 
(2. 15) 
(2.16) 
{2.17) 
The components of the stress tensor, T1j, can be obtained explicitly 
from equations (2.14) - (2. 17) in terms of the· shear rate ou. 
oY 
Neglecting higher order .terms in� one obtains 
ou 1 +..A2(ou/oy )
2 
,- = µ, - --------
xy oY 1 +.A1{ou/oy)
2 
(2.18) 
(2.19) 
(2. 20) 
9 
(2.21) 
in which 
(2.22) 
(2.23) 
Inspection of the equat�ons for the nonnal stresses Txx., �yy, and 
Tzz shows that these stresses will in general be unequal, and that, 
for a two dimensional flow pattern to occur, a stress Tzz normal 
to the flow must be present. From the definition·of apparent 
viscosity, and equation (2.19) one obtains 
(2.24) 
which shows that the apparent viscosity is dependent upon the shear 
rate, ou, and has the limiting values 
oy 
as 
and 
as· ou -� c:x:::> 
oy 
Since the seven material constants �1, µ1, 'etc. and the 
viscosity µ are normally functions of the concentration of the solute 
,, 
which gives the solution its viscoelastic properties, they can be 
represented by power series in the concentration, c. Noting that 
10 
the dimensionless viscoelastic viscosity,µ, will approach unity and 
that the seven material constants will all approach zero as the 
concentration, c, approaches zero, it can reasonably be assumed for 
a dilute solution that 
, �l = acl , i\ 2 = bcm , etc. , (2.25) 
where the coefficients Y, a, b etc. and the powers k, 1, m etc. are 
to be determined experimentally for a given fluid. Since there are 
not enough experimental data available from which to evaluate the 
eight coefficients and the eight powers, it �.rill be assumed that the 
powers k, 1, m etc. are equal. Hsu [?J studied the case when the 
material constants were ·proportional to the first power of the 
concentration. 
� For this study, the case when the material constants are 
proportional to the one-half power of the concentration will be 
considered. This will lead to a set of governing differential 
equations different from that of Hsu's. The expressions for the 
eight material constants now take the fonns 
.l 
µ, = 1 + 't c2 , 
1. 
�l = ac
2 , 
.l 
�2 = bc
2 , • • •  , etc. 
which allow (2. 22) artd-(2. 23) to be written as 
where � and� are constants. 
(2.26) 
(2.27) 
(2.28) 
CHAPTER III 
THE GOVERNIID DIFFERENTIAL SYSTEM 
For the case of steady, two dimensional, incompressible 
flow the governing equations of continuity, motion, and diffusion 
are, respectively, 
'.:ll, ' '.:ll, ,-
11 
� + � = O 
ox' oy' 
(3.1) 
, , op op op 
r (u' ou + , ou ) = __ + � + __N_ ox1 V oy1 ox' ox' oy 1 
ov' ov' op op)cy' opyy 
! (u' ox' 
+ 
v' oy'
) = - oy' 
+ 
� 
+ ay"' 
(3.2) 
(3.3) 
Here -x' and y' are Cartesian coordinates directed along and perpen­
dicular to the body under consideration, u' and v' are the components 
of the mass average velocity in the x' and y' directions respectively, 
f is the mass average density of the solution, /
0 
is the mass density 
of the coating, and k, a constant, is the mass diffusivity of the 
binary _system. 
Equation (3.3) has the same form as that of the heat dif­
fusion equation when friction dissipation is neglected for the 
steady, two dimensional, incompressible flow of a fluid with a 
constant thennal diffusivity past a heated body £iJ. Thus the 
.r 
./ 
12 
results from this study could be applicable for the problem of heat 
transfer from a heated body to a flowing viscoelastic fluid, if the 
eight material constants were·made .functions of the temperature 
instead of the concentration. 
For flow rates at which equations (2.11) and (2. 13) are 
valid, their substitution into equations (3.1) - (3.3) produces the 
following set of dimensionless boundary layer equations u OU + V ou = u dU + 0 ,. ;xy + 0( €) ax oy c1.x oy 
o(p - ,-
yy
) = O(t) 
oy 
. 
2 U O c + V OC = 1 (0 C + 0(€2c )) 
ox oy s a? 
(3.4) 
(3.5) 
(3.6)  
in which U(x) is the dimensionless velocity of the inviscid flow, 
and 
c = ; = concentration of the coating 
S= 10 = Schmidt number 
- kf 
The dimensionless shear stress, ,. , can be expressed as 
xy 
13 
T = µ. OU [ 1 +..A (O U) 2] ;r +..A (OU) 2] 
xy oY 
2 oy / t 1 oy (J. 7) 
with µ,...A1, and...A.2 being functions of the concentration as given by 
equations (2.26), (2.27) and (2.28) , respectively, for the approxi­
mation of a dilute solution. 
The boundary conditions for this problem are 
at y = 0 
as y�co 
. .. u=v= O 
u _...u 
, C = C 0 
, 
(3.8) 
(J.9) 
Here it is assumed that the dissolved viscoelastic material at the 
plate is of constant concentration c0, and that the external flow is 
a solution of the coating with concentration c1• For the case when 
the outer fluid is Ne�onian, c1 is zero. 
Considering the complicated relation for the shear stress, 
T
xy
, in terms of .the shear rate, ou, given by equation (3.7), it 
oy 
would be extra�ely difficult to obtain a general solution of the 
system of partial differential equations in equations (3.4) - (3.6). 
Therefore a similarity transformation was sought to simplify the 
mathematics and to illustrate the general behavior of the flow [?J. 
By introducing a stream function, 1f' (x,y) , satisf;Ting the 
continuity equation such that 
u = oP/oy, v = - {of /ox) (3.10) 
211798 
SOUTH DAK SITY LI RARY 
and setting 
U(x) = EJJ-/3 
l· = y(!!)
l/2 
X 
1/2 
7/f (x, y) ·= (Ux) f('l) 
14 
(3.11) 
where Eis an arbitrary constant and c
0 
is the concentration at 
the plate. The boundary layer equations, (3.5) and (3.6), for a 
dilute viscoelastic solution become ordinary differential equations 
with the forms 
f� - 2ff
'I'/ 
- 1 = 3�
'2 
[(1 + Rg1/2)r11 (1 + Ag f�1)/(l + Bg f�l )] 
(3.12) 
2 - - Sfg = g 3 1 '1 (3 .13) 
in which the subscript ?/ denotes differentiation with respect to -rz 
and 
.l 
R = Yc2 
0 , , 
The boundary conditions, equations (3.9) and (3.10), become, after 
transformation, 
at'/.= 0 . f = f1 =O g = l . , (3 .14) 
as l[-+CO 
. f -+- 1 g -+g(co) = cl . 11 , co (3.15) 
The coefficient of skin friction, Cd, will be given by 
_ ,.?SY:ht=O _ [ 2 �/[ 2 -� Cd= i3/2 - (1 + R) fn (0) 1 + Af-,l (01 1 + Br,, (01 
15 
(3.16) 
The transformation used here implies that the .flow problem 
is now a Falkner-Skan type flow past a 90 degree wedg�. 
16 
CHAPTER IV 
THE METHOD OF SOLUTION FOR SMALL SCHMID'r' NUMBER 
The method of series expansion will be used in conjunction 
with'the method of steepest descent to solve the governing differ­
·ential equations (3.12) and (3.13). This method was first used by 
Meksyn [9J to solve ·several of-the classical boundary layer problems 
for Newtonian fluids. He obt�ined results which were in good agree­
ment with accepted numerical results by using only the first few 
terms in the expansions. 
To solve the differential equations, the_ dependent variables 
f(�) and g{,) are first expanded in power series such that 
oo B 
g{ 7l ) = r m rr; 'lm 
m=o • 
(4.1) 
(4.2) 
where the� and the !\ii are constant coefficients (for given values 
of the parameters A, B, R, and S) to be determined. The series 
expansions (4.1) and (4.2) are valid only for sufficiently small 
values of 7l • 
. Applying the boundary conditions from equation (3 . 14) to 
the expansions, it is readily seen that 
A = A = 0 0 1 , �o = 1 (4.3) 
17 
Substituting the expansions (4.1) and (4.2) into the diffusion 
equation (3�13) and equating the coefficients of equal powers of 1 
yields 
� = 0 
B4 = - 2S A2Bi_/3 
B
5 
= - 2S A3B1/3 
B6 = - 2S A4Bi/3 
2 2 B7 = - 2S A5B1/3 + 40 S A2B1/9 
Etc. 
Using.the same technique, the substitution of equations (4. 1) -
(4.4) into the boundary layer equation of motion, (3.12), gives 
etc. 
+ s1E2 + S2Ei_ + K {(F2B1 + A3A4) (A - BS0) 
- B(R2S1 + Rl s2>
}]/net 
(4.4) 
(4. 5) 
where 
E0 
= A2(1 + R) 
E1 = A3 (l + R) + RA2Bi/2 
E2 = A4(1  + R)/2 + RJ3i.(A3 - A2
Bi/4)/2 
F2 = A�4 + A5 
R1 = A2(A2Bi_ 
+ 2A3 ) 
R2 = 2A�3!3i + A2/4 + A5 
So = ( 1 + AA�) (1  + BA�) 
Si_ = A2(A2B1 + 2A3) (A - BSo) (1  + BA�) 
S2 = � 2A031l:i. + A;t4 + Aj) (A - BSo) - R�s1
J1 1 + BA�� 
Det = So( l  + R) + 2KA2(A - BSo) 
K = A2(1 + R) (1 + BA�) 
Equations (4. 4) and (4. 5) show that all the coefficients 
� and Bin in the expansions can be related to A2 and Bi for given 
values of the parameters A ,  B , R, ands . These two remaining 
coefficients are next determined from the two boundary conditions 
at infinity by the method of steepest descent (see Appendix A). 
To obtain the first relation for determining A2 and Bi, 
the diffusion equation, ( 3.13) ,  is integrated tvdce with the result 
that 
18 
(4. 6) 
19 
where 
7l 
F('>/ )  = 1 · f(1/ )  d"l 
0 
(4.7) 
and 
(4 . 8) 
Before the integrals in equations (4 .6) and (4 . 8) can be evaluated 
by the method of steepest descent , F(1) must be obtained from (4.7) 
which gives 
(4. 9 ) 
Equation ( 4. 9) shows that F (1f ) has a col at � = 0 and since F11, (0) 
is the first non-zero derivative when evaluated. at the col, the col 
is of o_rder two. Next one sets 
. ,. = 2S F ('� ) = ?7 3 L cm 'Y> m 3 ( m=o l { 4.10) 
From the theory of inverse functions [?J it is known that (4.10) 
can be solved for � in the form 
oo b 1( ) 'l = L m ,-3" m+l { 4 . 11) m=o (m+l) 
which is valid for sufficiently small values of T. From ( 4.11) it 
follows that 
(4. 12) 
20 
whence 
( + + +) d Tt = 
bm ,( 0 , 0 , 0 dT = 2 1T ib 1 1 m 
TJ(m+l) 3 T 
(4.13) 
where,c(o
+) indicates a single line integration in the positive 
j . + + + . 
direction about the zero point while
/
(O ' 0
_
' O ) denotes a triple 
circuit in the positive direction about the zero point. 
From (4.13) it f�llows that 
which indicates, upon recalling Cauchy ' s  residue theorem, that bm 
1(m+l) 
is the coefficient of �-l in the expression ,.3 • Thus it is 
evident that b is the· coefficient of 1lm in the expression 
. m 
[ 
2 J - 1(m+l) c0 + c1 + c2 + . • . 3 
The expression in (4 .14) can be expanded in Maclaurin series, 
(4 .14) 
allowing the � to be solved for in terms of the Cni ·  Upon sub­
stituting for the cm in terms of the � for equation (4.10) one 
finds that 
b - (_i_)-
1/3 
0 - SA2 
2 A3 
bl
= -bo (6A-
) 
2 
A 
b2 = b0
3 ( A3 )
2 
- (-4-) 
4A2 20A2 
(4.15) 
j 
Now the integral in equation (4.6) can be integrated 
asymp�otically and gives 
1
11 - ;;:s
3
2 F('fl) · 
J
r _,. 1 � !(m-2) e d'fl !:!! e J il=o t,n ,-3 dT 
0 0 
� ! �= - h r, (m+l) 3 m=o 1Il ,. 3 
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(4.15) 
cont. 
(4.16) 
where r,. represents an incomplete gamma function. Thus (4.6) becomes 
Bl � m+l g{1l ) !:!! 1 + - L b r?. (-3 ) (4 . 17) 3 m=o m ,. 
The value of 1 corresponding to a given ,. can be obtained from 
equation (4. 11). 
Next the boundary condition at infinity, (3.15) , is applied 
to (4.17) which then talces the form 
B1
� 3 [ g(co) - 11/ f b r(m+l) j m=o m 3 (4. 18) 
This is the first of the two relationships necessary to determine 
Bl and A2 • . 
To get the second relationship, one begins by rewriting the 
boundary layer equation of motion (3.12) in the form 
r, 
2 
- 2rr,, - 1 
= 3 �
'l 
[ (1 + Rg
½)fn 
(
1 + Bgr�
11 
+ ( A-B)gr,; )l 
1 + Bgf
2 j 
(4.19) 
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Carrying out part of the differentiation on the right hand side of 
equation (4.19) one obtains 
where 
where 
and ·) 
+ J {(
1 + Rg
1/2
)f1l1 (B-A)r;1 }] 
1 + Bgf�
"l 
One finds by integrating (4.21) that 
ac ) _ rrz 2f 7/ - Jo 3(1 + Rgl/2) d'>? 
Another integration yields 
(4.20) 
(4.21) 
(4. 22) 
(4.23) 
(4.24) 
(4. 25) 
which appears to be of the form that can be evaluated by the method 
· of steepest descent. 
In order to evaluate the integral in (4.25) by the method 
of steepest descent, the functions G(�) and ¢ (� ) are expanded in 
23 
series form about the col ?1 = O ,  thus 
(4.26) 
and 
. oO  
¢(1 ) = li 1m ,,,_m (4.27) 
Substituting the seri·es expansions for r(72) and g(1) into equation 
( 4. 23) one finds the coefficients, CJm,, to be 
1 [ 2A2 ] Clo
= 
J !  3( 1+R) 
( 4 . 28) 
etc. 
The coefficients, 1 ID '  can be found by substituting f(77) , G(1) , and 
¢(�) from equations ( 4. 1 ),  (4. 26) and (4. 27) , respectively, into 
equation (4. 22). They are 
lo = A2 
1 1  = A
3 
1
2 
= A2/2 ! 
l [ 2A� 
] 
l3 
= 
J! r5 + 3 ( l+R) 
(4. 29) 
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.l 
1 
[ 
10 A�J 
4 = -4 ! A6 + -3 (_1_:+R_)
..;;.. (4.29) 
cont. 
:etc. 
As in the case of F(i) ,  (4.9) , one lets 
,. = G( ,n ) = '11 3 L Q 7l m 
. < .< m=o i!l ( 4.30) 
and puts 
= f b� ,J(m+l) 
7/ m=o (m+l) (4.3
1) 
. I 
As in determining the coefficients bm' it turns out that � is the 
coefficient of 1,m in the expression 
[ 2 J - ±(m+l) Clo + ql 11 � q21l + • • • 3 
For ease of handling one sets 
and 
k = - l(m+l) , Em = �/Cl() 3 
[ '¾> + ql)!+ q2712 + • • . ] 
k = Io W
n
(m)7n 
Then by expanding in Maclaurin series one finds that 
Wo(m) = Clok 
w1 {m) = w0 (m) k e1 
W2'm) = w0(m) 
[ k(k-1) e i/2 ! + k2eJ 
w
3 
(m) = w0(m) [ k(k-l ) (k-2) ef/3 ! + k(k-1) e1 e2 + ke3] 
etc . 
(4 .32) 
(4.33) 
( 4.34) 
( 4 .35) 
Thus it is found that 
Setting 
0c, 1 
¢(,,) 
d"l. = L h ,-3(m-2) l dT m=o ·"m 
one finds that 
(o+) (o+ o+ o+) 
� d1 = h dT = 6'fih J di ,.,. "\ · J ' , T -k ·m ,- �,n 
which upon solving for � gives 
25 
(4 .36 ) 
(4.37) 
( 4 . 38) 
(4.39 ) 
Equation (4 .38) shows that � is equal to one third of the coefficient 
of ,-l in the  expression ¢(1 ) ,-
k. Thus � is equal to the coefficient 
of -,,m iri the expression 
½ [10 + 11 "{ + li'l.
2 + • • •  ] [ w0(m) + w1 (m) 
+ W2 (m) 
2 + • • • ]  ( 4 �40 ) 
Upon equating coefficients of �
m one finds that 
ho = ½ £owo(o) l 
h1 = ½ �1Wo( l) + iOwl (1 )] ( 4.41) 
h2 = }[12w0( 2 ) + t1w1(2) + t0w2(2� 
- l [  . . 
h3 = 3 J3w0(3 ) + 12w1 (3 ) - +  J1w2(3 ) 
+ J0w3 (3 ) ]  
. etc. 
Now equation (4.25) can be integrated in tenns of -r giving 
rr ,. 00 - !c 2) 
f,/'1 ) !::! [ e- Jo 11in ,-3 m- _ dT 
� L h r.,. cm+l) .m=o um 3 
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(4.41) 
cont • 
(4.42) 
(4.43) 
in which r,. represents an incomplete gamma function. Recall that 1\. 
can be determined for any -r from equation (4.31) . After applying 
the boundary condition at infinity, (3.15), equation (4.43)  becomes 
1 �  L h r cm+l) 
m=o m 3 
Equations (4 . 44) and (4 .18) are the two equations necessary to 
(4 .44) 
determine the two unknown coefficients A2 and Bi for a given set of 
values of the parameters A, B, R, and S. 
Theoretically, since t�ere are two equations and only two 
unknowns, it is possible to obtain explicit expressions for A2 and 
B1 in t.erms of the paramet. ers A, B, R, and S if only a finite number 
of terms in the series expansions are considered. As this would be 
a very tedious task, with the complicated relations involved, a 
trial and error procedure will be used. Also, since many of the 
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expansions obtained are divergent, tpey cannot be summed direct� . 
However, it is known that the sum of a divergent series is the finite 
numerical value of the expression from which it was derived [9J. 
It is therefore possible by Euler's t�ansfonnation (Appendix B) 
to obtain a convergent se�ies ¥hich can be properly summed. 
After values A2 _ and Bi h�ve been det�rrnined, _ ��e coefficient 
of skin friction can be calculated from equations (3.16 ) , in which 
r111 ( 0) = A2 • It will also be possible at that time to obtain the 
velocity profile and the concentration distribution from equations 
(4.43) and (4.17) respectively. 
CHAPTER V 
RESULTS AND DISCUSSION 
The South Dakota State University IBM 1620 computer was 
used to perform the necessary calculations. In the course of 
determining A2 and B1 for a given set of the parameters A ,  B, R, 
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and S ,  ·it was found that the series in equation (4. 18) is divergent, 
thus only the first converging tenns need be co�sidered [iQ]. 
With this fact in mind (4 . 18) can be rewritten as 
B:i_ � 3 [ g(<X>) - 1]/f tmf<m+l) 
m=o 3 . 
(5. 1) 
where N is a suitably chosen integer. For the computation, the 
value N = 1 was used, as the value of B1 changed a maximum of 1. 3 
per cent, when N was changed from zero to one. 
To detennine the values o� A2 and B1 for a given set of 
the parameters A, B, R ,  and S, eight terms of the series in equation 
(4.44) were considered. It was necessary to transfonn this divergent 
series twice using Euler ' s  transformation (Appendix B) . The first 
transformation was started at the very first term of the series 
while the second transformation was started at the second tenn of 
the transformed series. 
Case I • . Viscoelastic Liquids With Homogeneous Properties (g = 1 
Throughout the Flow Region) Flowing Past the Wedge 
For this case, the governing set of differential equations 
are identical with Hsu 1 s Lil• Thus this case served as a check 
29 
of the many coefficients and of the computer program used. It is 
noted from the boundary layer equation of motion, (3. 12) , that the 
non-Newtonian phenomena will not be present for the particular case 
when A = B and R = O. 
Figure (5.1) shows the relation between f,, (o) (= A2) and 
the ratio A/B for R � 0.00 - 0.08 when B = 0. 3 . Since f11 (o) is 
the slope of the vel·ocity profile at the body, it· can be legitimately 
stated that a larger value of f?? (0) implies a thinner displacement · 
thickness. Thus from figure (5.1) it is evident that the displace­
ment thickness increases with increasing A/B for a given value of 
R, and increases with increasing R for a given value of the ratio 
A/B. For the case of a Newtonian liquid, i. e. , when A/B = 1 and 
R = O, the obtained result, f,1 (o) = 0. 761, is in good agreement 
with Hartree ' s  result ( 0. 758) [6J. Hence the method used is 
probably quite accurate. 
Figure ( 5 . 2) shows the relation between the coefficient of 
skin friction, Cd, and the ratio A/B for R = 0 .00 - 0 . 08 when B = 
0. 3. It indicates that Cd increases as the ratio A/B increases for 
a given R and also increases with increasing R for a: given A/B . 
This gives the impression that the coefficient of friction is 
strongly affected by the values of the material constants A 1, J.li1, 
etc .  
It has been noted LV that the effect of the parameter R 
on either f �i (O )  o
r Cd could be obtain
ed from the results for R = O 
.90  
. 85 
�so 
o R = 0 .  00 
() = 0 .  04 
= o .  08 
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t,,"' (0) 
-) 
.75 
.70 
.65 
0 1 /2 I 
A / 8  
3/ 2 2 
_ Figure 5 . 1 . Effect of the Parameters A and B on the Slope 
of the Velocity Profile at the Body for B = 0 .3 
arid Schmidt Number S = O .  
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3/2 
Figure 5 . 2 .  Effect of the Parameters A and B on the 
Frictional Coefficient Cd for B = 0.3 and 
Schmidt Number S = O .  
2 
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by making a simple modification. If the characteristic climensionless 
viscosity used in forming the dimensionless quantities were taken to 
be �0( 1  + R) , the equation of 
motion then obtained would then be 
independent of R. Thus, for a given. set of values for the parameters 
A, B ,  and R ,  the corresponding values of r11 (o )  and Cd can be found 
from the relations 
f ,� ( '1 = 0, R) = f '71 ( "I = 0, R = 0) / [ 1 + R ] ½ 
C (R = 0) d 
( 5. 2) 
for a given value of the ratio A/B. The results obtained by direct 
calculation, shown in figures ( 5. 1) and ( 5. 2) ,  are in excellent 
agreement with equation ( 5. 2). This shows that the method used and 
the values obtained are valid. 
Case II. Newtonian Solvents Flowing Past the Coated Wedge 
Here the case is considered when the Schmidt number is 
greater than zero and g(a:>) in equation ( 5. 1) is zero. 
Figures ( 5.3) and ( 5 . 4) show the relationship of the friction­
al coefficient, Cd, to the ratio A/B for B = 0 . 3 and R = 0.00 - 0. 08 
with Schmidt numbers of 1 and 2 respectively. The results displayed 
in these figures indicate that, as in the homogeneous case, the 
frictional coefficient increases with increasing A/B and with in­
creasing R. Comparison of figures ( 5. 2) - ( 5 . 4) shows that, as the 
Schmidt number is increased, the frictional coefficient increases 
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Figure 5 . 3 .  Effect of the Parameters A and B on the 
Frictional Coefficient Cct for B = 0.3 and 
Schmidt Number S = 1 .  
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Figure 5 . 4. Effect of the Parameters A and B on the 
Frictional Coefficient Cd for B = 0. 3 and 
Schmidt Number S = 2 .  
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for a pseudoplastic material (A/B <. 1) and decreases for a dilatant 
material (A/B > 1). It has been shown LV that as the Schmidt 
number approaches infinity, the frictional coefficient will approach 
a limit, that limit being the frictional coefficient of· a Newtonian 
fluid flowing past an uncoated. wedge. 
As expected, figure (5. 5) shows that there is a marked de­
crease in the displacement thickness of the concentration boundary 
layer for a seudoplastic material while the Schmidt number increases. 
Only one velocity profile is shown, as increasing the Schmidt number 
changed it very little. 
From table (5. 1) one can see that A2 and B1 both decrease 
as R. increases for a given value of the Schmidt number, S, and the 
ratio A/B. This indicates that the displacement thickness of both 
the viscous and concentration boundary layers increase for increasing 
R, since A2 and Bi are the slopes of the velocity and concentration 
profiles, respectively, at the body. 
-, 
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◊ f 7t (1? ) , s = l 
O g (71 ) , s = I 
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Figure 5 . 5 .  Velocity Profile and Concentration Distribution of 
the Viscoelastic Flow when A/B = ½ ,  B = 0 .3,  and 
R = 0 . 08 .  
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TABLE 5. 1 _. The Results Obtained for A2(= f11, (0) ) and Bi_(= glO) )  
By Varying the Values of the Parameter R, the Schmidt 
Number S,  and the Ratio A/B with B = 0. 03 
R = 0. 00 R = 0. 04 . R = 0 . 08 
A/B A2 Bl A2 13i A2 Bl 
o. o 0. 900 0 - 0. 876 0 0. 853 0 
0.5 0. 811 0 0. 794 0 0. 777 0 
S = 0 1. 0 0 . 761 0 0. 746 0 0. 73 2  0 
1. 5 0. 725 0 0. 712 0 0. 700  0 
2 . 0  0 . 698 0 o. 686 0 0. 675 0 
o. o 0. 915 -0.504 0.877 -0. 500 0. 860 -0. 497 
0 .5 0. 816 -0. 49 2 0. 794 -0. 488 0. 774 · -0. 485 
S = l 1. 0 0. 761 -0. 484 0. 743 -0. 4BO 0. 726 -0. 477 
1.5 0. 722 -0. 477 0. 706 -0. 473 0. 691 -0. 470 
2 . 0 0. 692 -0. 471 o. 678 -0. 468 0. 665 -0. 465 
o. o 0. 917 -0. 628 0. 888 -0. 624 0. 861 -0. 620 
0. 5 0. 817 -0. 617 0. 794 - 0 . 612 0. 772 -0. 607 
S = 2 1. 0 0. ?61 -0. 607 0. 742 -9. 602 0. 742 -0. 598 
1.5 0. 721 -0.598 0. 705 -0.594 0. 698 -0. 590 
2. 0  0. 69 0 -0.591 o. 676 -0.587 0. 662 -0. 584 
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If one assumes that the constants ¥ ,  a, and � in the ex� 
pressions for R, A, and B in Hsu's study LV are identical to those 
used in this study, then• one can write 
, 
, ( 5. 3) 
B
H 
= Bc
0
. , � < B 
where the subscript H denot es the parameters used by Hsu. In view 
of equation ( 5.3 ) ,  comparison has shown that, for a given concentration, 
c
0
, at �he wedge, this study indicates a higher frictional coeffici_ent 
and a greater displacement thickness than does Hsu ' s  for given values 
of S( > 0) and the ratio A/B. This leads one to expect the value of 
the f.rictional coefficient and the displac�ent thickness to decrease 
as the power of the concentration is increased in the expressions 
for the eight material constants. 
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CHAPTER VI 
CONCLUDIU} REMARKS 
The results shown in this study are qualitatively the same 
as those obtained by Hsu [?J. They indicate that : 
(a) The frictional coefficient is strongly influenced 
by the material constants. 
· 
(b) A thinner displacement thickness may or may not imply 
a larger frictional coefficient. 
(c) For both the homogeneous flow past an uncoated wedge 
and the Newtonian flow past the coated wedge, the 
frictional coefficient decreases with increasing degree 
of pseudoplasticity and increases for increasing degree 
of dila·tancy. 
Comparison of fl1 (o) and Cd for the two studies indicate 
that the displacement thickness and the frictional coefficient will 
both decrease, for a �iven concentration, as the power of the 
concentration to which the material constants are proportional 
increases. 
£v 
8J 
£6-J 
LV 
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APPENDIX A 
THE METHOD OF STEEPEST DESCENT 
The method of steepest descent LJJ is used to evaluate 
integrals of ·the form 
42 
in which k is a large complex v:ariable and ¢ and h are analytic 
functions of the complex variable z .  This integral may be evaluated 
along some path in the complex plane . The points in the z plane at 
which hz( z )  = 0 are called saddle points or cols and the curves 
along which rm[kh( z � = constant are called steepes� paths. The 
metho� of steepest descent consists of choosing the path of 
integration such that it coincides as far as possible �dth one of the 
steepest paths . The . main contribution to the integral evaluated .by 
this method then comes from the region near the col . This method 
yields a solution in terms of gamma functions . Quite often the 
series will be divergent ; they can be summed by Euler' s transformation 
( see Appendix B) . 
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APPENDIX B 
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EULER ' S  TRANSFORMATION 
One knows that a series is divergent for values of the 
variable outside its radius of convergence . To rectify this error 
one goes back to the original function and re-expands it for the 
region desired. In many cases the original function is unknown, 
necessitating that some other-approach must be used to obtain ·a 
solution. One approach is to sum the divergent series using Euler's 
transformation /!tJ. This transformation is based on the assumption 
that the sum of a divergent series is the finite numerical value 
of the convergent expression from . which it was .derived. Thu.s the 
purpose of Euler' s  transformation is to eliminate a singularity 
introduced by the method of· expansion but which doesn't belong to 
the original function itself. To develop the expression for the 
transformation, consider the series 
T( x) = f Um x(m+l)  
m=o 
which is convergent for sufficiently small values of x .  Set 
x = _]f_ 
1-y 
, y = -2£._ 
l+x 
(B.l) 
(B.2) 
Substituting (B. 2) for x in (B.l) , and expanding in. powers of y, 
one finds that 
T(x) = f Vm Y(m+l) 
m=o 
(B.3) 
where 
(m.) = m(m-1) (m-2) 
p p ! 
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(m-p+l) (B . 4). 
Equation ( B . 3 ) is valid for sutficiently small values of y and ( B . 2) 
indicates that a small value of y corresponds to a large value of x. 
Thus ( B . 3 )  can be used when x is large and the series in ( B . 1 ) becomes 
divergent . 
Euler gave special consideration to the case when x = .1 and 
y = ½ which gives 
o0 � -(m+l) L � = L Vm 2 
m=o m=o . 
thus ( B. 5 ) is usually called Euler ' s  transformation [9J. 
· (B .  5 )  
To better understand the procedure, consider the asymptotic 
series 
2 1 1� -t T(x) = 1 ! X - 2 ! X + 3 ! X' - • • • = l +� 0 dt (B . 6) 
which Euler summed for the obviously divergent case when x = 1 .  He 
only considered the first eight terms when obtaining the sum . To 
·obtain the sum Euler applieq the transfonnation, ( B . 5) ,  to the first 
eight tenns beginning with the first term , and retained only the 
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initially convergent terms. He then repeated the procedure for the 
remaining tenns. 
Applying the transformation, one finds that 
(B. 7) 
Only the first two te:nns are retained since the series starts to 
diverge at the third term. Thus one sets 
T(l) = ½ - ½2 + P (B. 8) 
where P represents the remaining divergent terms in (B.7) . 
Applying Euler ' s  transfo:nnation to P gives 
_ � 5 21 99 P - L - -6 + - - - + 
24 2 28 210 
. • . (B. 9) 
As this series starts to diverge after the second tenn , one sets 
(B. 10 ) 
and repeats the transformation on Q. Using eight terms , Euler 
obtained a value of 0. 4008 for T(l) compared to the accepted value 
of 0. 403 7, which represents an error of 0. 7 per . cent. This is a 
very minute error considering that Euler started with an extremely 
divergent series. 
It is to be noted that when using Euler's transfo:nnation 
(a) All terms , including zero, should be retained. 
(b) The transformation can be started from any tenn. 
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(The best result is obtained if the last term in the 
expansion is the smallest and the convergence is better 
for the same number of.transformations. ) However , the 
final results corresponding to different r easonable 
combinations should differ but little. 
(c) Repeated transformations not only improve the convergence 
but also slow it down; it is therefore advisable to 
use as few transformations as possible . 
